Abstract. We show that there exist two proper creature forcings having a simple (Borel) definition, whose product is not proper. We also give a new condition ensuring properness of some forcings with norms.
Introduction
In Ros lanowski and Shelah [2] a theory of forcings built with the use of norms was developed and a number of conditions to ensure the properness of the resulting forcings was given. However it is not clear how sharp those results really are and this problem was posed in Shelah [4, Question 4.1] . In particular, he asked about the properness of the forcing notion Q = { w n : n < ω : w n ⊆ 2 n , w n = ∅ and lim n→ω |w n | = ∞} ordered byw ≤w ′ ⇔ (∀n ∈ ω)(w ′ n ⊆ w n ). In the second section we give a general criterion for collapsing the continuum to ℵ 0 and then in Corollary 2.8 we apply it to the forcing Q, just showing that it is not proper.
That the property of properness is not productive, i.e. is not preserved under taking products, has been observed by Shelah long ago (see [3, XVII, 2 .12]). However, his examples are somewhat artificial and certainly it would be desirable to know of some rich enough subclass of proper forcings that is productively closed. It was a natural conjecture put forth by Zapletal, that the class of definable, say analytic or Borel, proper forcings would have this property. Actually, it was only proved recently by Spinas [5] that finite powers of the Miller rational perfect set forcing and finite powers of the Laver forcing notion are proper. These are two of the most frequently used forcings in the set theory of the reals. However, in this paper we shall show that this phenomenon does not extend to all forcing notions defined in the setting of norms on possibilities. In the fourth section of the paper we give an example of a forcing notion with norms which, by the theory developed in the second section, is not proper and yet it can be decomposed as a product of two proper forcing notions of a very similar type, and both of which have a Borel definition. The properness of the factors is a consequence of a quite general theorem presented in the third section (Theorem 3.3). It occurs that a strong version of halving from [2, Section 2.2] implies the properness of forcing notions of the type Q * ∞ (K, Σ).
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Notation
Most of our notation is standard and compatible with that of classical textbooks on Set Theory (like Bartoszyński and Judah [1] ). However in forcing we keep the convention that a stronger condition is the larger one.
In this paper H will stand for a function with domain ω and such that (∀m ∈ ω)(2 ≤ |H(m)| < ω). We also assume that 0 ∈ H(m) (for all m ∈ ω); if it is not the case then we fix an element of H(m) and we use it whenever appropriate notions refer to 0.
Creature background:
Since our results are stated for creating pairs with several special properties, below we present a somewhat restricted context of the creature forcing, introducing good creating pairs. Definition 1.1.
(1) A creature for H is a triple
such that nor ∈ R ≥0 , dis ∈ H(ω 1 ), and for some integers m
The family of all creatures for H is denoted by CR[H]. (2) Let K ⊆ CR[H] and Σ : K −→ P(K). We say that (K, Σ) is a good creating pair for H whenever the following conditions are satisfied for each t ∈ K.
If K is forgetful and t ∈ K, then we also define
Note that if K is forgetful, then to describe a creature in K it is enough to give pos(t), nor[t] and dis [t] . This is how our examples will be presented (as they all will be forgetful). Also, if K is additionally local, then we may write pos(t) = A for some A ⊆ H(m t dn ) with a natural interpretation of this abuse of notation. 
non-decreasing unbounded function, and (K, Σ) is a strongly finitary good creating pair for H. Assume also that (K, Σ) is sufficiently h-bad. Then the forcing notion
Proof. The proof is similar to that of [2, Proposition 1.4.5], but for reader's convenience we present it fully.
Letm,Ā andF witness that (K, Σ) is sufficiently h-bad. For i < ω and a ∈ A i we define Q * ∞ (K, Σ)-namesρ i,a (for a real in 2 ω ) andη i,a (for an element of
as follows:
Above,Ẇ is the canonical name for the generic function in
We are going to show that
To this end suppose that p ∈ Q * ∞ (K, Σ) and r ∈ 2 ω . Passing to a stronger condition if needed, we may assume that (∀j < ω)(nor[t
(Plainly it is possible by 2.1(δ).)
Since for each j < ω both Σ(t p j ) and A i+j are finite, we may use König Lemma to pick an increasing sequencek = k(ℓ) : ℓ < ω such that 
Proof. Plainly we may assume that |A| = 2 M and |B| = N , and then we may pretend that A = M 2 and B = N . For h ∈ A = M 2 and u ∈ d M we let F (h, u) < N be such that
This defines the function F : A × d M −→ B = N , and we are going to show that it has the property stated in (⊛). To this end suppose that 2 ≤ ℓ ≤ M and c i :
Then, for some h ∈ A and I ⊆ d we have
By our choices, we may pick c dn , then we call the sum tight. Definition 2.6. Let (K, Σ) be a local good creating pair for H, and letm = m i : i < ω be a strictly increasing sequence with m 0 = 0. We define anmsummarization (Km, Σm, Hm) of (K, Σ, H) as follows:
• Km consists of all tight sums Σ sum (t ℓ :
consists of all creatures s ∈ Km such that s = Σ sum (s ℓ : m i ≤ ℓ < m i+1 ) for some s ℓ ∈ Σ(t ℓ ) (for ℓ = m i , . . . , m i+1 − 1). Proposition 2.7. Assume that (K, Σ) is a local good creating pair for H,m = m i : i < ω is a strictly increasing sequence with m 0 = 0. Then:
(1) (Km, Σm) is a good creating pair for Hm; (2) the forcing notion Q * ∞ (Km, Σm) can be embedded as a dense subset of the forcing notion Q * ∞ (K, Σ) (so the two forcing notions are equivalent). Corollary 2.8. Let H : ω −→ ω be increasing, H(0) ≥ 2, and let g : R −→ R be an unbounded non-decreasing function. We define (K 
The forcing notion Q *
) above the condition q is equivalent to the forcing notion Q * (1) Let t ∈ K and ε > 0. We say that a creature t * ∈ Σ(t) is an ε-half of t if the following hold:
− ε, and (ii) if s ∈ Σ(t * ) and nor[s] > 1, then we can find t 0 ∈ Σ(t) such that
(2) Letε = ε i : i < ω be a sequence of positive real numbers andm = m i : i < ω be a strictly increasing sequence of integers with m 0 = 0. We say that the pair (K, Σ) has the (ε,m)-halving property if for every t ∈ K with m i ≤ m 
there is no r ≥ q [v] such that r ∈ I, w r = v and nor[t 
, and • q l , q l+1 , v l , a − l · ε i are like p, q, v, a in Claim 3.3.1. Then clearly q = q k is as desired. Proof of the Claim. Fix a surjection π : ω −→ ω such that π −1 [{j}] is infinite for every j. We apply Corollary 3.3.2 infinitely many times in order to construct p ℓ : ℓ < ω with p 0 = p such that for every ℓ, p ℓ , p ℓ+1 , i ℓ , a + ℓ + 1, I π(ℓ) is like p, q, i, a, I there. Then we let q be the natural fusion determined by the p ℓ . [q] 0 ∈ I j (remember I j is open) and r [v] 0 ≥ q. Therefore, by ( * * ), we see that q
[v] ∈ * I j . Clearly r
. Hence we may find u ∈ pos(v, t
[q] j and r [u] 0 is a common upper bound to q [u] and r * .
As the sets I 
A nonproper product
Here, we will give an example of two proper forcing notions Q * ∞ (K 1 , Σ 1 ) and Q * ∞ (K 2 , Σ 2 ) such that their product Q * ∞ (K, Σ) collapses c onto ℵ 0 . Throughout this section we write log instead of log 2 .
Definition 4.1. Let x, i ∈ R, x > 0, i ≥ 0, and k ∈ ω \ {0}. We let f k (x, i) = log log(log(x)) − i k in the case that all three logarithms are well defined and attain a value ≥ 1. In all other cases we define f k (x, i) = 1. 
